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Kawamata’s canonical bundle formula Summer 2025

Note 3 — 04, 06, 2025 (draft version)
Yi Li

The aim of this note is to introduce the Kawamata’s canonical bundle formula with varies applica-
tions.

The major goal is to prove the following result.

Theorem 1 ([Kol07]). Let f : X — Y be a dominant morphism between normal projective
varieties. Let (X, B) be a log pair, with generic fiber F'; ¥ C Y be a reduced divisor such that the
following conditions hold:

(1) Kx + B ~q 0,
(2) py (X, B) = 1k(f.Ox ([A(X,A)])) = 1 with A(X, B) be the descrepancy b-divisors,
(3) f has SLC fibers in codimension 1 on Y — 3

Then there exist a nef b-divisor My such that
[*(Ky + By + My) ~qg Kx + B,

where By is the discriminant divisor.
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1 Proof of the Kawamata’s canonical bundle formula

The aim of this section is to prove the Kawamata’s canonical bundle formula.

1.1 Kawamata semi-positivity theorem

We first prove the following Kawamata semipositivity theorem using some Hodge theoretical method.
As a side remark, there are two general approaches to produce positivity in complex algebraic ge-
ometry, one is the Hodge theoretical method (which relies on the Griffiths curvature formula) and
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another one is the Bergeman kernel metric method. This note focuses on the Hodge theoretical
approach.

Proposition 2 ([Kaw81, Theorem 5]). Let f : X — Y be an algebraic fiber space which satisfies
the following conditions:

(i) There is a Zariski open dense subset Yy of Y such that D =gt Y — Yj is a divisor of normal
crossing on Y.

(i) Put Xo = f~1(Yp) and fo = f|x0 Then fy is smooth.
(iii) The local monodromies of R" fy .Cx, around D are unipotent, where n = dim X — dim Y.

Then fiwx/y is a locally free sheaf and semipositive (in the numerical sense), where wx/y denotes
the relative canonical sheaf.

1.2 Proof of the main theorem

Before proving the result, let us briefly sketch out the idea.

PROOF IDEA 3. The technical core of the proof is Kawamata’s semipositivity theorem Propo-
sition 2. We first try to reduce the problem into the ”semistable” family so that the monodromy
of the local system RP f,V; is unipotent (which is needed in the semipositivity theorem). Then we
will apply the Kawamata’s cyclic covering trick, so that the direct image of the canonical sheaf
becomes

m—1

(rx),wx = »_ Ox (Kx +i(f*My — Kx;y — D — E+G) — [iA/m]),
=0

for some axillary divisors £, G, A. And it is easy to see that Ox (f* (Ky + L) + G — E) is a direct
summand of (rx), wxs (D). Apply the projection formula

L® f.(Ox(G-F)) = f.Ox(f'L+G—E)

is a direct summand of (f), wx/y (D').

And now apply Proposition 2, so that the direct summand L ® f,(Ox(G — E)) is also locally free
and numerical semipositive (nef vector bundle). And finally we try to show that the axillary term
f+xOx (G — E) does not have any contribution as f,Ox (G — E) = Oy.

2 Applications of Kawamata’s canoncial bundle formula
2.1 Kawamata’s subadjunction formula
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