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Yi Li

The aim of this note is try to give an introduction of Albanese varieties and Albanese mapping
with varies applications.
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1 A brief introduction to Albanese Varieties

Let us first construct the Albanese variety. To do this, we need the following proposition.

Proposition 1. Let X be a compact Kähler manifold, with the Kähler form ω.
(1) We have the following well defined map

φ : H1(X,Z) → (H0(X,Ω1
X))∨, [γ] 7→ (α 7→

∫
γ
α).

(2) The image of H1(X,Z) forms a lattice in (H0(X,Ω1
X))∨, hence the quotient is a complex torus

of dimension equals to the dimH0(X,Ω1
X).

Remark 2 (Definition of lattice). Let V denote a complex vector space of dimension g. A lattice
in V is by definition a discrete subgroup of maximal rank in V . It is a free abelian group of rank
2g. That is

dimC V = g, rkΛ = 2g.

Proof of (1). Let (X,ω) be a compact Kähler manifold, by Lemma 3, given a holomorphic p-forms
α, it is always closed. On the other hand, if two class [γ] = [γ′] ∈ H1(X,Z), then there exists a
singular 2-chain such that

γ − γ′ = ∂S.
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In particular, by the Stoke’s formula,∫
γ−γ′

α =

∫
∂S

α =

∫
S
dα = 0.

Thus it’s independent of choice of representative.

Proof of (2). To show that Alb(X) is a complex torus, we need to prove that H1(X,Z) forms a
lattice in (H0(X,Ω1

X))∨. The idea is to use the fact that the natural map

H2n−1(X,Z) → H2n−1(X,C)

has image a lattice (since, by the universal coefficient theorem, tensoring with Q kills torsion). We
then apply Serre duality (SD) and Poincaré duality (PD), which gives the following commutative
diagram.

H0(X,Ω1
X)∨ Hn(X,Ωn−1

X )

H1(X,Z) H2n−1(X,Z)

SD
≃

φ

PD
≃

p

Where p is the composition

p : H2n−1(X,Z) → H2n−1(X,C) → Hn−1,n(X)

whose image is a lattice (since tensoring with C eliminate torsion).

Note that the image of φ can be identified with image of p, since by definition of PD, we have∫
X
ω ∧ PD([γ]) =

∫
γ
ω.

While by definition SD, we have

SD(PD([γ]))(ω) :=

∫
PD([γ]) ∧ ω =

∫
γ
ω = φ([γ])(ω).

And hence image of φ is also a lattice.

Lemma 3. Let X be a compact Kähler manifold with a Kähler metric. Let α ∈ H0(X,Ωp
X) be a

holomorphic p-form, then α is always closed.

Proof. by definition we have ∂̄α = 0, on the other hand, by type reason, we know that ∂̄∗α = 0 as
well, thus

∆∂̄α = 0 =⇒ ∆∂α = 0.(by Kähler identity).

And consequently,

(∂∂∗α+ ∂∗∂α, α) = ∥∂α∥2 + ∥∂∗α∥2 = 0 =⇒ ∂α = 0.
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Definition 4 (Albanese variety). Let X be a compact Kähler manifold (or more generally a
compact complex manifold). We define the complex torus

Alb(X) = (H0(X,Ω1
X))∨/H1(X,Z)

to be the Albanese variety associated to X, which is a complex torus.

Remark 5. For the readers who are interested in the more general setting for any compact complex
manifold, please refer to [Uen75, Theorem 9.7] or [GPR94, Theorem 3.27].

Theorem 6 (Duality Between Albanese variety and Picard variety, [Lan23, Proposition 5.2.6]).
Let X be a projective manifold, then the Picard variety is dual to the Albanese variety

Pic0(X) = Âlb(X)

Proof.

When X is projective, we can show that Albanese variety is an Abelian variety.

Theorem 7. Let X be a projective manifold, Then Pic0(X) and hence Albanese variety is an
Abelian variety.

Proof. Only needs to show the projectivity of the Picard variety Pic0(X), then since dual of Abelian
variety is Abelian Alb(X) will be an Abelian variety as well.

Note that when X is Moishezon manifold, the Albanese variety is still an Abelian variety. In general
however it’s only a complex torus.

Proposition 8 ([Uen75, Proposition 9.15]). Let X be a Moishezon manifold, then the Albanese
torus Alb(X) is a projective manifold.

Proof.

Proposition 9 ([BS95, Lemma 2.4.1]). Let X be a normal projective variety with rational singu-
larities, then the Albanese map is well defined.

Proof.

2 A brief introduction to Albanese mappings

Definition 10 (Albanese mapping). Let [ω1], · · · , [ωk] be the basis of H0(X,Ω1
X). Then the rep-

resentative ωi are closed (1, 0)-forms. We then define the Albanese mapping as

albX : X → Alb(X)., z 7→ (

∫ z

z0

ω1, · · · ,
∫ z

z0

ωk).

Proposition 11. The Albanese mapping is well defined.
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Proof. First, by Lemma 3, the integration does not depend on the real path that we choose. Second,
we need to check the linear functional does not depend on the

We first introduce the universal property of Albanese mapping.

Proposition 12 ([Lan23, Theorem 5.2.2]). Let φ : M → X be a holomorphic map into a complex
torus X. There exists a unique homomorphism φ̃ : Alb(M) → X of complex tori such that the
following diagram is commutative

M X

Alb(M) X

φ

αp0 T−φ(p0)

φ̃

Proof.

3 Conditions for Albanese mapping to be fibration

Note that in general Albanese mapping is not fibration. However when Kodaira dimension is 0,
Kawamata proved the Albanese mapping is actually a fibration.

Theorem 13 ([?]).

4 Applications of Albanese Fibration

4.1 Albanese mapping in Iitaka conjecture

4.2 Albanese mapping in the classification problems
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